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1. Introduction
Let F and H be graphs. The Ramsey number r(F ,H) is defined as the minimum integer p such that any red–blue edge-
coloring of Kp contains a red F or a blue H . It is easy to see that
r(F ,H) = r(H, F). (1)
The graph Fn = K1+nK2 is called a fanwith n blades, where nK2 is a matching of n edges. So Fn consists of n triangles sharing
a vertex in common. The Ramsey numbers of fans have been studied in [2,3]. It was shown [2] that r(F1, Fn) = 4n + 1 for
n ≥ 2, and r(Fs, Fn) ≤ 4n+ 4s− 2 for n ≥ s ≥ 1.
Let χ(F) be the chromatic number of F , and s(F) the minimum number of vertices in a color class over all proper vertex-
colorings of F with χ(F) colors. The following result can be found in [1].
Lemma 1.1. Let H be a connected graph with |V (H)| ≥ s(F). Then
r(F ,H) ≥ (χ(F)− 1)(|V (H)| − 1)+ s(F).
In [1] Burr defined H to be F-good if the equality in Lemma 1.1 holds. In this note, we shall prove that Fn is F2-good for
n ≥ 2, and r(Fs, Fn) ≤ 4n+ 2s for n ≥ s ≥ 2.
In definition of Ramsey numbers, a red–blue edge-coloring of Kp on vertex set V can be associated with graphs (V , R)
and (V , B), where R and B consist of all red and blue edges, respectively. Thus they are complementary to each other. On
the other hand, any graph G and its complement G can be associated with a red–blue edge-coloring of a complete graph on
V (G) in the sense that the edge set of G contains all red edges.
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2. Main results
Our main results are as follows.
Theorem 2.1. Let n ≥ 2 be an integer. Then r(F2, Fn) = 4n+ 1.
Theorem 2.2. Let n ≥ s ≥ 2 be integers. Then r(Fs, Fn) ≤ 4n+ 2s.
We shall have a preliminary lemma before the proofs.
Lemma 2.3. Let s and t be positive integers. Then
r(Ft , sK2) = max{s, t} + s+ t.
Proof. We separate the proof into two cases.
Case 1. t ≥ s.
Since the graph K2t ∪ Ks−1 does not contain Ft and its complement K2t, s−1 does not contain sK2, thus r(Ft , sK2) ≥ 2t + s.
We shall prove the inverse inequality r(Ft , sK2) ≤ 2t+ s by induction on s. As the assertion for s = 1 is trivial, we assume
that s ≥ 2 and the assertion holds for smaller s; hence r(Ft , (s− 1)K2) ≤ 2t + s− 1. Therefore, if there is no red Ft in some
red–blue edge-coloring of K2t+s on vertex set V , theremust be a blue (s−1)K2. If we suppose that there is no blue sK2 either,
then we shall have a contradiction. Denote by
U = {u1, v1, u2, v2, . . . , us−1, vs−1}
the vertex set of the blue (s − 1)K2, where uivi are independent blue edges, i = 1, 2, . . . , s − 1. Let W = V \ U with
|W | = 2t − s + 2. We assume thatW induces a red K2t−s+2 since otherwiseW contains a blue edge, which together with
U gives a blue sK2.
If vi is blue-adjacent to one vertex inW , then uimust be red-adjacent to all other vertices inW since otherwise we obtain
two independent blue edges between {ui, vi} andW hence a blue sK2. By relabeling if necessary, we may assume that each
ui is red-adjacent to all but at most one vertex inW . Let wi be the red neighbor of ui if it exists, and letW ′ be the set of all
suchwi inW . Then |W ′| ≤ s− 1 and |W \W ′| ≥ (2t − s+ 2)− (s− 1) = 2(t − s)+ 3 ≥ 3. We thus have a vertexw ∈ W
that is red-adjacent to each ui. Let us consider the graph G induced by all red edges contained in W ∪ {u1, u2, . . . , us−1},
whose order is |V (G)| = 2t + 1, in which the vertexw is adjacent to each other vertex of G.
Note that the subgraph G − w of G has order 2t , whose minimum degree is at least 2t − s ≥ t = |V (G − w)|/2. Thus
a well known result of Dirac implies that G − w contains a (red) Hamilton cycle C2t , which together with w gives a red Ft ,
contradicting the assumption that there is no red Ft .
Case 2. t < s.
In this case we shall show that r(Ft , sK2) = 2s+ t . The proof is easier.
The desired lower bound r(Ft , sK2) ≥ 2s+ t follows from the fact that the graph Kt + K 2s−1 does not contain Ft , and its
complement Kt ∪ K2s−1 does not contain sK2.
To prove r(Ft , sK2) ≤ 2s+ t , we shall show that if a graph G of order 2s+ t contains no Ft , then G contains s independent
edges by induction on s ≥ t . The case s = t is obtained in Case 1, so we assume that s > t . By deleting a pair of non-adjacent
vertices u and v from G, we have a subgraph H of G on 2(s − 1) + t vertices with s − 1 ≥ t , which does not contain Ft . By
the induction hypothesis H contains (s− 1)K2, which together with the edge uv yields an sK2 in G. 
Let us give proof for Theorem 2.2 first, which is simpler.
Proof of Theorem 2.2. For an arbitrary red–blue edge-coloring of K4n+2s on V , any vertex v ∈ V has either red degree
dR(v) ≥ 2n+ s or blue degree dB(v) ≥ 2n+ s. If dR(v) ≥ 2n+ s, then by Lemma 2.3 and (1), we have r(sK2, Fn) = 2n+ s.
Thus the red neighborhood of v, denoted byNR(v), contains either a red sK2 or a blue Fn. It follows that there is either a red Fs
or a blue Fn. The argument for the situation dB(v) ≥ 2n+ s can be seen similarly from r(Fs, nK2) = 2n+ s in Lemma 2.3. 
To prove Theorem 2.1, let us have the following result first.
Lemma 2.4. Let n ≥ 3 be an integer and R a 2n-regular graph of order 4n+ 1, and let B be the complement of R. If R contains
no F2, then B contains an Fn.
Proof. Since R contains no F2, the neighborhood N(x) of a vertex x contains no 2K2. So the edges in N(x) induce a triangle,
or an empty subgraph, or a star. Set N(x) = {v1, v2, . . . , v2n}, and NB(x) = {u1, u2, . . . , u2n}. Then {x}, N(x) and NB(x) form
a partition of V (R). For a vertex v ∈ V (R) and a vertex setW ⊆ V (R), let us write dB(v,W ) = |NB(v) ∩W |.
Case 1. All edges in N(x) induce a K3 on {v1, v2, v3}, say. Since R is 2n-regular, each vertex of {v1, v2, v3} is adjacent to 2n−3
vertices in NB(x); thus there must exist some u ∈ NB(x) that is adjacent to two of {v1, v2, v3} as 3(2n − 3) > 2n. Hence
{u, x, v1, v2, v3} forms an F2 in R, which is a contradiction.
Q. Lin, Y. Li / Discrete Applied Mathematics 157 (2009) 191–194 193
Case 2. All edges in N(x) induce an empty subgraph or a star K1,1. Then any vertex u ∈ NB(x) satisfies dB(u,N(x)) ≤ 2 (since
otherwise there is an Fn in {u, v1, v2, . . . , v2n} in B). Note that B is also 2n-regular; hence dB(u,NB(x)) ≥ 2n − 3 ≥ n. So
NB(x) contains a Hamilton cycle in B, which together with x forms an Fn in B.
Case 3. All edges in NR(x) induce a star K1,m (m ≥ 2) with center v1, say. Let V1 = {v2, v3, . . . , vm+1} be the set of the vertices
of degree one of the star, and V2 = {vm+2, vm+3, . . . , v2n}. It is clear that {v2, v3, . . . , v2n} induces a K2n−1 in B.
Subcase 3.1. 2 ≤ m ≤ 2n − 3. Note that v2 ∈ V1 is adjacent to exactly 2n − 2 vertices in NB(x). Let U ′ be the set of these
2n − 2 vertices. If U ′ contains an edge usut , then {us, ut , v2, v1, x} would give an F2 with center v2. Hence we suppose that
U ′ forms a K2n−2 in B. Let u1 and u2 be the two vertices in NB(x) out of U ′. Then u1 and u2 must be adjacent in R (or else there
is an nK2 in NB(x) in B, and hence an Fn with center x). It is clear that either both u1 and u2 are adjacent to the same vertex
of U ′ in B, or one of {u1, u2}, say u1, is adjacent to all vertices in U ′ in R.
If the former happens, then dB(ui,N(x)) = 2n − 2 for i = 1, 2; hence dB(ui,N(x) \ {v1}) ≥ 2n − 3, yielding an Fn on
{u1, u2, v2, v3, . . . , v2n} in B. Otherwise, then dB(u1,N(x)) = 2n− 1; we thus have an Fn on {u1, v1, v2, . . . , v2n} in B.
Subcase 3.2.m = 2n−2. Since dB(v1,NB(x)) = 2n−1 (as v1 is the center of the star), in R, any vertex vi ∈ {v2, v3, . . . , v2n−1}
is adjacent to exactly 2n−2 vertices, denoted by U ′′i , of NB(x). It is clear that U ′′i induces a K2n−2 in B (since otherwise there is
an F2 in R) and all U ′′i are identical as any of them induces a K2n−2 in B (or else we can give an Fn in B). Let U ′′ be the common
U ′′i , and NB(x) \ U ′′ = {u1, u2}, say.
We now know that for u1 and u2, dB(ui,U ′′) ≤ 1 (since otherwise, in B, {x, ui, v1} ∪ U ′′, for some i = 1, 2, can give an Fn
whose center is a neighbor of ui in U ′′). We also know that dB(v2n,NB(x)) = 2n − 1. Thus, in R, we can find some u ∈ U ′′
that is a neighbor of u1, u2 and v2n; hence dR(u) ≥ (2n− 2)+ 3 = 2n+ 1, contradicting the fact that R is 2n-regular.
Subcase 3.3.m = 2n−1. In this subcase, the vertex v1 is adjacent to all vertices inNB(x) in B. Similarly, the setsNB(vi)∩NB(x)
are identical for 2 ≤ i ≤ 2n. Denote the common set by U ′′ = {u3, u4, . . . , u2n}, say. So each of u1 and u2 is adjacent to any
u ∈ U ′′ in R. Then dR(u) ≥ 2n+ 1 for any u ∈ U ′′, which is a contradiction. 
Now we are ready to prove Theorem 2.1.
Proof of Theorem 2.1. The right lower bound follows from Lemma 1.1. To get the desired upper bound, let us consider an
arbitrary red–blue edge-coloring of K4n+1. As mentioned previously, we write R and B for the graphs consisting of all red
edges and blue edges in the coloring, respectively. We shall show that there is either a red F2 or a blue Fn. Note that for any
vertex v, either dR(v) ≥ 2n or dB(v) ≥ 2n. There are four cases in the proof. We assume that n ≥ 3 as the assertion for n = 2
is trivial.
Case 1. There is a vertex xwith dR(x) ≥ 2n+ 2 or dB(x) ≥ 2n+ 2. The proof is similar to that for Theorem 2.2.
Case 2. The maximum degree of R is 2n + 1 and x is a vertex with dR(x) = 2n + 1, and any vertex has blue degree at most
2n+ 1.
If there is a red 2K2 in NR(x), then we are home. So we assume that this is not the case and thus NR(x) contains no red
edge, or all red edges in NR(x) induce either a star or a triangle.
Subcase 2.1. NR(x) contains no red edge. In this subcase, NR(x) induces a blue K2n+1, which yields a blue Fn.
Subcase 2.2. All red edges in NR(x) induce a red star K1,m. Set NR(x) = {v1, v2, . . . , v2n+1}, in which v1 is the center of the
red star K1,m, and set NB(x) = {u1, u2, . . . , u2n−1}.
When 1 ≤ m ≤ 2n − 2, then it is easy to find a blue Fn in NR(x) as {v2, . . . , v2n+1} induces a blue K2n, which together
with v1 yields a blue Fn as v1 is blue-adjacent to at least two vertices in {v2, v3, . . . , v2n+1}.
We now assume that m = 2n − 1 and omit the similar argument for m = 2n. Suppose that v1v2, v1v3, . . . , v1v2n are
red, and v1v2n+1 is blue. As v1 has at most 2n + 1 red neighbors, it has at most one red neighbor in NB(x), and thus it has
at least 2n− 2 blue neighbors in NB(x). Note that {v2, v3, . . . , v2n+1} induces a blue K2n, so we may assume that any vertex
u ∈ NB(x) has at most one blue neighbor in {v2, v3, . . . , v2n} since otherwise there is a blue Fn in {u, v2, v3, . . . , v2n+1}.
Therefore, NB(x) induces a blue K2n−1 (since otherwise the end-vertices us and ut of a red edge in NB(x)must have a red
neighbor v in common in {v2, v3, . . . , v2n}, and hence a red F2 in {us, ut , v, v1, x}with center v). And then we have a blue Fn
on NB(v) ∪ {x, v1} as v1 is blue-adjacent to at least 2n− 2 ≥ 2 vertices in NB(x).
Subcase 2.3. All red edges in NR(x) induce a K3, implying that NR(x) induces a blue K2n+1 with a triangle dropped, which gives
an Fn.
Case 3. The maximum blue degree is 2n+ 1 and x is a vertex with dB(x) = 2n+ 1, and any vertex has red degree 2n− 1 or
2n. Set NB(x) = {u1, u2, . . . , u2n+1} and NR(x) = {v1, v2, . . . , v2n−1}.
Subcase 3.1. There is a vertex, say u1, that is red-adjacent to all vertices in {u2, u3, . . . , u2n+1}. Then we can assume that
{u2, u3, . . . , u2n+1} induces a graph containing no red 2K2; thus it contains no red edge, or all red edges in which a star or
a triangle is induced. We need only look at the situation where a red star K1, 2n−1 appears, as it is easy to find a blue Fn in
{x, u2, u3, . . . , u2n+1} for all other situations.
Suppose the center of this star K1, 2n−1 is u2; then {u3, u4, . . . , u2n+1} induces a blue K2n−1. By the assumption that any
vertex has red degree at most 2n, it is thus easy to see that dR(u1) = dR(u2) = 2n; hence the edges between {u1, u2} and
NR(x) are all blue. Similarly, NR(x)may contain no red edge, or a red star, or a red K3. If NR(x) contains either no red edge, or a
red star K1,m with 1 ≤ m ≤ 2n−3, or a red K3, then we can give a blue Fn in {u1, u2}∪NR(x). So we assume thatm = 2n−2
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and the center of this star is v1. So v1 is red-adjacent to x and 2n − 2 vertices in NR(x); this and the fact that dR(v1) ≤ 2n
tell us that v1 is red-adjacent to at most one vertex in NB(x) and hence blue-adjacent to at least 2n vertices in NB(x). Thus
{v1, x, u3, u4, . . . , u2n+1} gives a blue Fn with center uj for some j ≥ 3.
Subcase 3.2. Any vertex ui ∈ NB(x) is blue-adjacent to at least one vertex in NB(x). Suppose that there is no red F2 in NB(x).
From Lemma 2.3, we can suppose that there is a blue (n − 1)K2, say {u1u2, u3u4, . . . , u2n−3u2n−2}. Then the other three
vertices {u2n−1, u2n, u2n+1}must induce a red K3 (since otherwise a blue edge in {u2n−1, u2n, u2n+1} and the former (n−1)K2
would give a blue nK2, and hence a blue Fn with center x). Since in this subcase, each of {u2n−1, u2n, u2n+1} has at least one
blue neighbor that must be in {u1, u2, . . . , u2n−2}, without loss of generality, we can suppose that u2n−1u1 is blue; then
u2u2n and u2u2n+1 must be red as otherwise we have two blue edges that can replace u1u2 for a blue Fn. Furthermore, the
blue neighbor in {u1, u2, . . . , u2n−2} of u2n and u2n+1 can only be u1; thus u2u2n−1 and all edges between {u2n, u2n+1} and
{u2, u3, . . . , u2n−2} are red, which yields a red F2.
Case 4. Both graphs R and B are 2n-regular. This is the case exactly described by Lemma 2.4. 
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